shall proved the existence of a constant C such that ^/ 0 2π^l/(e )! dθ < C for all functions / analytic in the unit disk with /(0) = 0 and Dirichlet integral not exceeding one. We show that there are extremal functions for the functionals Λ α (/) = ^ / 0 2π 6> α|/(<?ί<?)|2 <^0 when 0 < a < 1. We establish a variational condition satisfied by extremal functions. We show that the identity function f(z) = z is a local maximum in a certain sense for the functionals Λ α and conjecture that it is a global maximum.
EXTREMAL FUNCTIONS AND THE CHANG-MARSHALL INEQUALITY
2π 6> α|/(<?ί<?)|2 <^0 when 0 < a < 1. We establish a variational condition satisfied by extremal functions. We show that the identity function f(z) = z is a local maximum in a certain sense for the functionals Λ α and conjecture that it is a global maximum.
Introduction. The Dirichlet space 2) consists of those functions / analytic on the unit disk Δ which have finite Dirichlet integral
We will always assume that /(0) = 0. It is well-known and easy to establish that Σ) is a Hubert space under the inner product and that, if f(z) = Σ~=i a n z n and g(z) = ΣZi ^z n , then n=\ In particular,
Λ=l
For a > 0 and / e 2), we define
Λ a (/) = 4-f
This is known to be finite for all a > 0 and all / G Ί), and it can be shown that the quantity /α = sup{A α (/)|||/b<l} is finite for 0 < a < 1 and infinite for α > 1. A proof of this for 0 < a < 1 will be indicated below. is finite for any a > 0, any / e 2), and any polynomial p.
It is natural to ask if there exist extremal functions for the functionals A a in case 0 < a < 1. In the subcritical case 0 < a < 1, this will be established by an easy continuity argument in §2. The critical case a = 1 appears to be much more difficult, and the remainder of this paper is devoted to studying this problem. In §3 we establish a variational criterion which must be satisfied by extremal functions which are sufficiently smooth. It will be seen that the identity function f(z) = z satisfies this criterion. In §4 we show that in a certain sense the identity function is a local maximum for the functionals Λ α . In §5 we discuss various other aspects of this problem. 
Weak continuity of functionals.
Let B denote the closed unit ball of 3). Since B is weakly compact, in order to prove the existence of an extremal function for Λ α , it is sufficient to show that Λ α is weakly continuous on B. Since
11=0
for each / eB. We can do this for 0 < a < 1 by showing that the LP norms / -• ||/|| p are weakly continuous on B, and by establishing an estimate H/lβJI = O(n\) in order to get uniform convergence of the series above. This is done with the following three lemmas. In what follows, we use standard notation and ideas from the theory of Hardy spaces as found, for example, in [6] . Proof. Since weakly null sequences are bounded, we may assume that f n e B for each n. Writing f n (z) = ΣίbU a n,k 
A variational condition.
If the function / e 2), ||/||^ = 1, is extremal for some A a , 0 < a < 1, and if / has a certain degree of smoothness up to the boundary of Δ, then it is possible to establish a condition satisfied by / by means of a variational argument. In order for the integrals below to be defined we will assume that f belong to the Hardy space H ι . In this case / will be continuous on the closed disk, and it will be sufficient to assume that the test functions φ also have derivatives in H ι . PROPOSITION 
** {(Φ + Φ)f'fz + Φ(ϊff -zfϊ)} dθ. 2π
Replacing φ by iφ and then dividing by / gives
Saif) {(Φ ~ Φ)ffz + Φiϊff -zff)} dθ.
Adding these two equations completes the proof.
In the next corollary %^ denotes the set of boundary functions f(e ιθ ) of functions / e Hξ , where Hξ denotes the set of functions in H p which vanish at the origin [cf. 6, §3.2]. COROLLARY 
Iff is as above, then
It is easy to see that the identity function f(z) = z satisfies the condition of Corollary 3. However, the argument above is not delicate enough to yield a uniqueness result. Indeed, if we consider the functionals Uf) = ±: Γ \f(e iθ )\ 2n dθ, for n = 1, 2, ... , then essentially the same argument shows that an extremal function / with /' E i/ 1 must satisfy and again this condition is fulfilled by the identity function. Let
Because the J n are weakly continuous on the unit ball B of 2), extremal functions exist for each n . For n = 1 and f(z) = Σ^li a n z n , we have
with equality if and only if /(z) = a\z. Hence μ\ = 1 and the identity function is extremal. For n = 2 a more delicate argument again shows that μ2 = 1 and the identity function is extremal. However, since there are unbounded functions in 2), μ n -• oo as n -> oo. But /"(/) = 1 for f(z) = z, so the identity function cannot be extremal for large n.
4.
A local maximum. In this section we show that, in a certain sense, the identity function is a local maximum for each of the functionals A a , 0 < a < 1. For simplicity of exposition we restrict ourselves to functions with nonnegative coefficients. The idea is to analyze Λ Q along curves
where h e 2), ||λ||s) = 1, and Λ(z) = Σ^^2" ^a s ^onnegative coefficients. Since z is orthogonal to /z(z), \\ft\\® = 1, and it is clear that any function in 3) with norm one and nonnegative coefficients has such a representation.
For reasons which will become clear shortly, it will be convenient to treat the function h(z) = A=z 2 as a special case. In this case we have
We let φa{t) = ea A PROPOSITION 2. The function φ a (t) is strictly decreasing for 0 < t < f, 0<α< 1. 
=2 Λ=2
with equality if and only if h(z) = 4=z 2 . Having disposed of this case in Proposition 2, we may assume that ||Λ||2 < \ -Once again we let φ a (t) = e-°Aa(f t ).
PROPOSITIONS. For each h there is a T such that φ a (ή is decreasing for
0<t<T.
Proof. If we write k(z) = zh(z) + ~zh(z), we obtain
"
On the other hand, applying Taylor's Theorem to the function gives q a {t) = λ -l) t 2 + g a (λ, μ, τ)q Q (τ)t 3 where g a (λ, μ, t) is a polynomial in α, λ, and μ, with coefficients depending only on sinlt and cos2ί, and τ is a number between 0 and t. Numerical experiments suggest that Λi (B a ) is decreasing and concave for 0 < a < 1, and that lim α _^oΛi(2? α ) = e and that lim^! Aχ(B a ) = 0. It is also possible to prove that J\(B a ) is decreasing and concave for 0 < a < 1. However, numerical experiments suggest that this is not the case for J n {B a ) for larger n , and recently the second author has succeeded in proving that limsup^! A\{B a ) > 1. Finally, let denote the partial sums in the series expansion of Λ α (/). We remark that, for fixed a, if the identity function f(z) = z is extremal for S n , a for large n, then it would also be extremal for A a . Similarly, if /(z) = z is extremal for A a for a close to 1, it would also be extremal for Λi. We conjecture that the identity function is extremal in all of these cases.
